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PROBLEM 1: Inverter Chains 
 
In this problem you will choose the number of stages and the sizing for the inverter chain 
shown in Figure 1.  You should assume that the input capacitance of the first inverter is 
Cu, γ=1, and  is the unit delay of an inverter as defined in lecture ( i.e., tp = tinv(γ+f) ).  
 

  
Figure 1. 

 
a) Given that Cout = 2048*Cu, what is the optimal number of stages to use for this 

inverter chain?  (Note that you don’t need to take the logical polarity of the signal 
into consideration.) 
 
Solution: 
 
As derived in lecture, the optimal way to size the inverter chain for minimal delay 
is to make every inverter have the same fanout f. Since we are given the input and 
the output capacitance, we can find the total fanout (F), the optimal number of 
stages (N), and the fanout of each stage (f) as: 
 

 
 
Since we are asked to optimize for the optimal delay, we need to consider both the 
N=5 and N=6 cases, since it is not immediately apparent which is the optimal one. 
For N=5, the optimal fanout is: 
 

 
 
and the optimal sizing for the chain is (starting from the beginning of the chain): 

. 
 
Analogously, for N=6: 

 
and the gate sizing is ,3.6 ,13 ,47 ,168 ,605u u u u u uC C C C C C . 
 



b) Using your answer to part a), what is the optimal delay of the inverter chain? 
 
Solution: 
 
Every stage has the same fanout and therefore the same delay: . 
Hence, for N=5, the delay is: 

 
 
For N=6, we instead get: 

 
 
In this case, 6 stages therefore results in a slightly lower total delay. 
 

c) Due to constraints on the specific placement of that inverter in the chip (and how 
much space is available there), the fourth inverter of the chain must have an input 
capacitance of Cin,4=128*Cu (see Figure 2). Given this new constraint, how would 
you redesign the chain in order to minimize its overall delay?  What is the delay 
of this new chain? 
 

 
Figure 2 

 
Solution 
 
Since the input capacitance of the fourth inverter has been fixed, we can split the 
chain into two subchains, the first from the input up to the fourth inverter, and the 
second from the fourth inverter to the output. The optimal delay for the whole 
chain can then be optimized considering the two sub-chains independently, and 
following the procedure from part a) and b). 
 
Sub-chain 1: 
The fanout F of the chain is: 

 

Since it is always the fourth inverter in the chain whose size has been fixed, the 
first chain essentially consists of N=3 stages. The fanout and optimal delay for the 
sub-chain are therefore: 
 

3 128 5.04f = =  and ,1 ( ) 3 (1 5.04) 18.12p inv inv invt Nt f t tγ= + = + =  
 



Sub-chain 2: 
Following the same procedure, and realizing that we can now change the number 
of stages: 

 

 
 

,2 ( ) 2 (1 4) 10p inv inv invt Nt f t tγ= + = + =  
The total delay of the chain is therefore: 

,1 ,2 28.12p p p invt t t t= + =  
 
PROBLEM 2: Complex Gate Delay 

 

 
 

Figure 3. 
 

For this problem you should assume that Lmin = 100nm, Cg=2 fF/μm, CD=1.6 fF/μm, 
Rp=20 kΩ/□, and Rn=10 kΩ/□, Cout = 12fF.  
 

a) If B = 0, C=1, D = 0, draw the switch model you would use to calculate the delay 
of the gate when A transitions from 0 to 1. What are the initial/final values of the 
output? 

 
Solution 
 
When A transitions from 0 to 1, the output transitions from 1 to 0. The equivalent 
switch model is shown in Figure 4.  
 



 
Figure 4: Equivalent switch model for Problem 2a 

 
Since B=0 and D=0, the PMOS transistors connected to those inputs are on. 
Therefore there exist resistive paths from node 1 and 2 to the output, and the parasitic 
capacitors of those resistors need to be included in the model. The value of the 
capacitors normalized to a transistor with W=1um are also reported in the figure. 
Note that the parasitic capacitor at the drain of the NMOS driven by input C has not 
been included in the model. This is because that capacitor is already discharged 
before the transition takes place, since C=1 and node 3 is connected to ground. Since 
no charge needs to be sunk from that capacitor during the transition under analysis, 
we can neglect if from the model. 
 
b) What is the delay of the gate in this case? 
 
Solution 
We can use Elmore time constants to compute the delay of the complex gate. In this 
case ground is our “input” since the output is transitioning low, and so the resistive 
path from input to output goes through NMOS A and NMOS C. The Elmore time 
constant in this case is: 

 
 
where the resistance of each NMOS transistor is: 

 

 
The high to low propagation delay is thus: 
 

 
 

c) Repeat parts a) and b) for A = 1, B=0, D = 0, and C transitioning from 1 to 0. 
 
Solution 



First, note that the output transitions from low to high for this combination of the 
inputs. The switch model for the gate in this situation is shown in Figure 5. 
 

 
Figure 5: Equivalent switch model for Problem 2c 

 
The corresponding Elmore time constant is: 

 
where: 

 

And the low to high propagation delay is: 

 

 
d) Use HSPICE to simulate the delay of the gate under the conditions from (a) and 

(c).  You can assume that the rise time of the input that is transitioning is 100ps.  
How well does the simulated delay match with your predictions from (b) and (c)? 
 
Solution 
Simulating with HSPICE, we can measure the following propagation times: 
tLH=38.3ps and tHL=40.6ps. The simulation decks are shown below. 
 
 
* HW4 - Problem 2 part a 
 
.lib '/home/ff/ee141/MODELS/gpdk090_mos.sp' TT_S1V 
 
.PARAM vddval = 1.2 
 
**Begin Circuit Netlist** 
 



**Power Supply** 
Vdd vdd 0 'vddval' 
 
*PUN 
MpA ADp A vdd vdd gpdk090_pmos1v L=100e-9 W=4e-6 M=1 
MpB out B ADp vdd gpdk090_pmos1v L=100e-9 W=4e-6 M=1 
MpC CDp C vdd vdd gpdk090_pmos1v L=100e-9 W=4e-6 M=1 
MpD out D CDp vdd gpdk090_pmos1v L=100e-9 W=4e-6 M=1 
*PDN 
MnA out A CDn gnd gpdk090_nmos1v L=100e-9 W=2e-6 M=1 
MnB out B CDn gnd gpdk090_nmos1v L=100e-9 W=2e-6 M=1 
MnC CDn C gnd gnd gpdk090_nmos1v L=100e-9 W=2e-6 M=1 
MnD CDn D gnd gnd gpdk090_nmos1v L=100e-9 W=2e-6 M=1 
Cout out 0 12f 
 
* Inputs 
VA A 0 PULSE 0 'vddval' 100ps 100ps 100ps 400ps 1ns 
VB B 0 0 
VC C 0 'vddval' 
VD D 0 0 
 
 
 
**Control Information** 
.options post=2 nomod 
.OP 
 
**Transient Analysis** 
.TRAN .01ns 2ns 
 
.MEASURE TRAN tpHL TRIG V(A) VAL='vddval/2' RISE=1 TARG V(out) 
VAL='vddval/2' FALL=1 
*.MEASURE TRAN tpLH TRIG V(C) VAL='vddval/2' FALL=1 TARG V(out) 
VAL='vddval/2' RISE=1 
 
.END 
 
* HW4 - Problem 2 part c 

 
.lib '/home/ff/ee141/MODELS/gpdk090_mos.sp' TT_S1V 

 
.PARAM vddval = 1.2 

 
**Begin Circuit Netlist** 
 
**Power Supply** 



Vdd vdd 0 'vddval' 
 
*PUN 
MpA ADp A vdd vdd gpdk090_pmos1v L=100e-9 W=4e-6 M=1 
MpB out B ADp vdd gpdk090_pmos1v L=100e-9 W=4e-6 M=1 
MpC CDp C vdd vdd gpdk090_pmos1v L=100e-9 W=4e-6 M=1 
MpD out D CDp vdd gpdk090_pmos1v L=100e-9 W=4e-6 M=1 
*PDN 
MnA out A CDn gnd gpdk090_nmos1v L=100e-9 W=2e-6 M=1 
MnB out B CDn gnd gpdk090_nmos1v L=100e-9 W=2e-6 M=1 
MnC CDn C gnd gnd gpdk090_nmos1v L=100e-9 W=2e-6 M=1 
MnD CDn D gnd gnd gpdk090_nmos1v L=100e-9 W=2e-6 M=1 
Cout out 0 12f 
 
* Inputs 
VA A 0 'vddval' 
VB B 0 0 
VC C 0 PULSE 0 'vddval' 100ps 100ps 100ps 400ps 1ns 
VD D 0 0 
 

 
PROBLEM 3: Complex Logic and LE 
 
For this problem you should assume that γ=1 and tinv is the unit delay of an inverter as 
defined in lecture ( i.e., tp = tinv(γ+f) ). You should also express all of your delay answers 
in units of tinv. 
 

a) Implement the logic function given by the expression shown below as a complex 
CMOS gate.  

( )S AB C D E= + +  
Solution 
 
A static CMOS implementation of the logic function is shown in Figure 6. The 
figure also shows the normalized channel widths of each transistor, assuming that 
the gate is sized for equal worst case rise and fall delays. 



 
Figure 6: Static CMOS implementation of S 

 
b) Assuming the complex gate is sized for equal rise and fall delays, what is the LE 

of the gate from the A input?  What is the LE of the gate from the C input? 
 
Solution 
The logical effort LE is defined as: 

 

In this specific example, we sized the gate in part a) so that its output resistance is 
equal to the one of the inverter. Taking the ratio of the input capacitances, we thus 
get for input A and C, respectively: 

 

 

c) Now call Cin the input capacitance associated with input A. Assuming that CL = 
4,000*Cin and that you can add as many inverters as you'd like after the complex 
gate (you don’t need to maintain the logical polarity at the output), size the chain 
for the minimum delay for A transitioning and B=1, C=0, D=1, E=0. What is the 
minimum delay for this design?  In terms of Cin, what is the total transistor width 
of all of gates in the chain? 



 
Solution 
First, we compute the path logical effort (ΠLE) of the whole chain. Since all gates 
after the complex gate are inverters (LE=1), and we are considering a transition 

involving input A, the path logic effort is: 
1

8
3

N

i A
i

LE LE
=

= =∏ . The chain has a 

total fanout F=4000. We can thus compute the path effort (PE) and optimal 
number of stages (N) to achieve minimum delay: 

8 4000 10667
3

PE LE B F= Π × × = × =  

 
We choose to implement 7 stages, i.e. the complex gate followed by a chain of 6 
inverters. The effective fanout (EF) of each gate is: 
 

 
 
The optimal sizing for the chain (starting from the end of the chain) can be 
calculated based on the following equation: 

, ,
1 , 1 1

, 1

in i in i
i in i i

in i

C C
EF LE C LE

C EF− − −
−

= → =  

 
We thus obtain the following sizes: . 
Summing up these numbers (which represent the total capacitance that is switched 
during a transition) and taking into account also the other inputs of the complex 
gate (which do not switch, but still contribute in terms of area utilization), the 
total transistor width of this design is: 

1448 4.625 1452.6tot sw area u uC C C C C= + = + ≈  
 
To find the overall delay, we also need to know the parasitic delay (p) of the 
complex gate. Since we have sized the gate to match its drive strength with the 
one of the unit inverter, we can find pgate by taking the ratio of the diffusion 
capacitance at the output and the input capacitance of the unit inverter: 

 

The minimum delay for the chain is ( 1γ = ): 

1

167 3.76 6 1 37.7
3

N
N

p inv i inv inv
i

t t N PE p t t
=

   = × × + = × × + × + =     
∑  

 
d) Implement the same logic function using only NAND2, NOR2, and inverters.  

Note that you must place the A input at the very beginning of the chain – i.e., the 
A input must pass through the largest number of stages. 
 
Solution 



One possible implementation that satisfies the criteria above is shown in Figure 7. 

 
Figure 7: Implementation of S using only NAND2, NOR2 and inverters 

e) Assuming Cin for the chain from part d) is the same as for part c) and that CL = 
4,000*Cin, size the chain (again, you can add inverters if needed and don’t need 
to maintain the logical polarity) from d) for minimum delay under the same input 
conditions as part c).  What is the minimum delay with this sizing, and what is the 
total transistor width of all of the gates? 
Solution 
 
The electrical fanout (F) of the chain is again equal to F=4000. Remembering that 
the LE for a NAND2 gate is 4/3, the path effort for the chain (from the A input) 
is: 

4 4 4000 7111.11
3 3

PE LE B F= Π × × = × × ≈  

Therefore, the optimal number of stages (N) is: 
 

4 4log ( ) log (7111.11) 6.4N PE= = =  
 

As it turns out, rounding up to 7 stages actually provides the smallest total delay, 
and so we will assume that (i.e., we will add three more inverters to the end of the 
chain shown in Fig. 7).  In this case, the optimal effective fanout is: 
 

7 7111.11 3.55EF = =  
 

To compute the delay of the chain, remember that the parasitic delay of a NAND2 
is 2tinv. Since there are 2 NAND2 gates on the critical path and 5 inverters, the 
total delay is: 

( )
1

7 3.55 2 2 5 1 33.85
N

N
p inv i inv inv

i
t t N PE p t t

=

 = × × + = × × + × + × = 
 

∑  

 
Keeping the EF/stage constant, sizing the chain results in sizes for the gates of: 
Cu, 2.66Cu, 9.46Cu, 33.6Cu, 89Cu, 317Cu, 1126Cu. 

 



So far, we have only sized the transistors connected to signals along the path from 
input A to the output, i.e. the critical path. In order to compute the total area 
utilization, we need to size also the transistors and gates that are not along the 
critical path. The key to performing this sizing is realizing that the delay of this 
side path should be the same as the delay of the main path, since if it were any 
larger it would now become the critical path.  There are actually many different 
ways to enforce this constraint (many of which will result in less area than the 
following solution), but for simplicity, we will assume that we size the second 
path for minimum delay through logical effort as well. 
 
The total delay from A to the point at which the two paths merge is simply: 
 

( ),
1

3 3 3.55 2 2 1 14.65
N

p A inv A i inv inv
i

t t EF p t t
=

 = × × + = × × + + × = 
 

∑  

 
Thus, in order to maintain the same delay on the non-critical path: 
 

( )

, ,

3

,
1

3 14.65

3 2 1 2 14.65
3.22

p A p D

D i D inv
i

D

D

t t

EF p t

EF
EF

=

=

 → × + = 
 
× + + + =

≈

∑  

 
Now that we know the EF/stage on the non-critical path, we can proceed to size it, 
resulting in sizes of (starting from the NOR2 gate): 2.24Cu, 4.3Cu, 13.9Cu.  The 
complete sized chain is therefore shown below. 
 

 
 

Finally, the total capacitance of this implementation is: 1649.9tot uC C=  
 

f) Compare the chains from (c) and (e) in terms of delay and total transistor width 
(which is directly related to power consumption and area) - why is one design 
faster while the other one is smaller? 



Solution 
The first implementation (with a single complex gate) has the smallest total area 
but a larger delay. The complex gate implementation uses less area because it 
resolves the logical function in the first stage, where gates are small, while the 
second implementation uses complex gates later in the chain where devices are 
upsized. On the other hand, the lower delay of the second implementation arises 
from the fact that it has a smaller path effort as well as smaller parasitic delay.  


