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PROBLEM 1: Logical Effort 
 
For this problem, you should assume that CG = 2fF/μm and that the transistors are long-
channel for the purpose of calculating LE. 
 

Cout = 45 fF

Cin = 5 fF

In
Out

 
a) What is the total path effort from IN to OUT? 

  
 Solution: 
 First, to find the path effort, we need to calculate the LE of each gate. Assuming 
 long channel, and that Rp = 2*Rn, then LEnand2 = 4/3, LEnor2 = 5/3, LEnor3 = 
 7/3. Then, we have 
 

 𝑃𝐸 = (∏𝐵)(∏𝐿𝐸)(𝐹) = (3 ∗ 2) �4
3
∗ 7
3
∗ 5
3
� ∗ 45𝑓𝐹

5𝑓𝐹
= 280 

 
b) To minimize the delay, what should the EF/stage for this chain of gates be? 

 
 Solution: 
 For a fixed number of stages, delay is minimized when the EF of each stage is the 
 same. 
 
 𝐸𝐹 =  √𝑃𝐸6 = 2.5578 
 

c) Size the gates in this chain to minimize the delay from In to Out.  Only calculate 
the input capacitance of the gates; don’t bother to provide the actual transistor 
sizes. 

 
 Solution: 
 Recall that: 



 𝐸𝐹 = 𝑓 ∗  𝐵 ∗ 𝐿𝐸 = 𝐶𝑜𝑢𝑡
𝐶𝑖𝑛

∗ 𝐵 ∗ 𝐿𝐸 
We’ll size starting from the load and going towards the left. Note that we can just 
as easily start from the first gate and size towards the load. Re-arranging the 
above equation shows that: 

 
 𝐶𝑖𝑛 = 𝐵∗𝐿𝐸∗𝐶𝑜𝑢𝑡

𝐸𝐹
 

 
 We can then go through and size each gate: 
 

 𝐶6 = 𝐵∗𝐿𝐸∗𝐶𝐿
𝐸𝐹

= 1∗1∗45𝑓𝐹
2.5578

= 17.593 𝑓𝐹 

 𝐶5 = 𝐵∗𝐿𝐸∗𝐶6
𝐸𝐹

=
2∗53∗17.593𝑓𝐹

2.5578
= 22.927 𝑓𝐹 

 𝐶4 = 𝐵∗𝐿𝐸∗𝐶5
𝐸𝐹

= 1∗1∗22.927𝑓𝐹
2.5578

= 8.964 𝑓𝐹 

 𝐶3 = 𝐵∗𝐿𝐸∗𝐶4
𝐸𝐹

=
1∗73∗8.964𝑓𝐹

2.5578
= 8.177 𝑓𝐹 

 𝐶2 = 𝐵∗𝐿𝐸∗𝐶3
𝐸𝐹

= 3∗1∗8.177𝑓𝐹
2.5578

= 9.591 𝑓𝐹 
  
 We can check that our calculations are correct by checking that C1 = 5fF 
 

 𝐶1 = 𝐵∗𝐿𝐸∗𝐶2
𝐸𝐹

=
1∗43∗9.591𝑓𝐹

2.5578
= 5 𝑓𝐹 

 
d) Using this sizing, what is the delay (in units of tinv) of your chain from In rising to 

Out falling?  You can assume that the critical input of the complex gates is always 
at the “top” of the transistor stacks (i.e., the critical input is always closest to the 
output node), and that CD/CG = γ = 0.5. 

 
 Solution: 
 We first need to find the values of p for the complex gates. Assuming the same 
 sizing conditions as part a), pinv = γ, pnand2 = pnor2 = 2γ, and pnor3 = 3γ. We know 
 that the total delay is: 
 
 𝑡𝑝 = 𝑡𝑖𝑛𝑣 ∗ (∑𝑝 + 𝑁 ∗ 𝐸𝐹) 
 𝑡𝑝 = 𝑡𝑖𝑛𝑣 ∗ (10𝛾 + 6 ∗ 2.5578) =  20.3468𝑡𝑖𝑛𝑣 
 

e) You present your design to your boss. She tells you that the team is short on 
silicon budget, and that you need to cut down on the area of this design. 
Assuming that area is proportional to the total transistor width and hence input 
capacitance (note that you should include all transistors in the complex gates), 
revise your design such that you cut down the area by at least 50%, with a 
minimum cost in delay. You can assume that you have been provided with the 



complements of all inputs along the chain (so you don’t need to include the area 
of the gate(s) needed to perform inversion). Compute the delay of the revised 
design, and find out by how much (in %) does it increase/decrease over the 
previous design. 

  
 Solution: 
 We can say that the area of each gate is proportional to the input capacitance 
 times the number of inputs. This is true at least for inverters, NOR, and NAND 
 gates, because each input drives transistors sized the same. 
 
 𝐴𝑔𝑎𝑡𝑒 ∝ 𝑁𝑖𝑛𝑝𝑢𝑡𝑠 ∗ 𝐶𝑖𝑛 
 

 To calculate the total die area, we also need to account for the branching factors, 
 since each stage beyond a branch is replicated B times. The total die area is 
 proportional to the area of each gate times the cumulative product of branching 
 factors: 
 
      𝐴𝑡𝑜𝑡 ∝ ∑ 𝐴𝑖𝑁

𝑖=1 ∏ 𝐵𝑗𝑖
𝑗  

 
 The total area is therefore: 
 
 𝐴𝑡𝑜𝑡,𝑜 = 𝑘 ∗ (2𝐶1 + 𝐶2 + 9𝐶3 + 3𝐶4 + 6𝐶5 +  6𝐶6) 
 𝐴𝑡𝑜𝑡,𝑜 = 𝑘 ∗  363.196 𝑓𝐹 
 

One way to reduce the area of this chain with a minimum penalty in area is to 
reorganize the chain. In fact, since We know that EFoptimal ≈ 4, which is higher 
than what we had in part b), we might even be able to reduce both the area and the 
delay. Since we have access to all complemented versions of the inputs along the 
chain, we can turn stages 2-4 into a single 3 input NAND3 stage, and reduce the 
total number of stages and the total PE (since we have reduced the product of LE). 

 

 

Cout = 45 fF

Cin = 5 fF

In
Out

 
 From here we go through the same sizing procedure as in parts a through c. 
 

  𝑃𝐸 = (∏𝐵)(∏𝐿𝐸)(𝐹) = (3 ∗ 2) �4
3
∗ 5
3
∗ 5
3
� ∗ 45𝑓𝐹

5𝑓𝐹
= 200 

  𝐸𝐹 =  √𝑃𝐸4 = 3.7606 



  
 𝐶4 = 𝐵∗𝐿𝐸∗𝐶𝐿

𝐸𝐹
= 1∗1∗45𝑓𝐹

3.7606
= 11.966 𝑓𝐹 

 𝐶3 = 𝐵∗𝐿𝐸∗𝐶4
𝐸𝐹

=
2∗53∗11.966𝑓𝐹

3.7606
= 10.606 𝑓𝐹 

 𝐶2 = 𝐵∗𝐿𝐸∗𝐶3
𝐸𝐹

=
1∗53∗10.606𝑓𝐹

3.7606
= 4.7 𝑓𝐹 

 
 
 The delay of the chain is now: 
 
 𝑡𝑝 = 𝑡𝑖𝑛𝑣 ∗ (∑𝑝 + 𝑁 ∗ 𝐸𝐹) 
 𝑡𝑝 = 𝑡𝑖𝑛𝑣 ∗ (8𝛾 + 4 ∗ 3.7606) =  19.0424𝑡𝑖𝑛𝑣 
  
 Recalculating the area: 
 
 𝐴𝑡𝑜𝑡,𝑛 = 𝑘 ∗ (2𝐶1 + 9𝐶2 + 6𝐶3 + 6𝐶4) 
 𝐴𝑡𝑜𝑡,𝑛 = 𝑘 ∗  187.732 𝑓𝐹 
 
 As seen, reorganizing the chain has given huge benefits in area, as well as slightly 
 reducing its overall delay. Specifically, we have an area savings of: 
 

 𝐴𝑟𝑒𝑎 𝑆𝑎𝑣𝑖𝑛𝑔𝑠 = (𝐴𝑡𝑜𝑡,𝑜−𝐴𝑡𝑜𝑡,𝑛)
𝐴𝑡𝑜𝑡,𝑜

∗ 100% = 48.311% 
  

At this point, we’re fairly close to the desired goal of reducing the area by 50%, 
but we’re not quite there. In order to meet our goal, we can trade delay (which is 
already better in the old chain) to save area. To figure out where we wpould be 
best off down-sizing the gates for largest area benefit, let’s look at the 
contribution to total area from each stage. 

 
  
 
  
 
 
 
 The area contribution of stage 4 is the most significant, though stage 3 is close. 
 To be safe, in this solution, we will shoot for a total area savings of 55%. Then,  
 the area difference we need to get to this goal is: 
  
 𝐴𝑑𝑖𝑓𝑓 =  𝐴𝑡𝑜𝑡,𝑛 − (1 − .55) ∗ 𝐴𝑡𝑜𝑡,𝑜 = 𝑘 ∗ 24.2938 𝑓𝐹 
 
 𝐴4 = 6 ∗ 𝐶4 

Stage Portion of Total Area 
1 5.33 % 
2 22.53 % 
3 33.90 % 
4 38.24 % 



 𝐴4,𝑛𝑒𝑤 = 𝐴4,𝑜𝑙𝑑 − 𝐴𝑑𝑖𝑓𝑓 
 𝑘 ∗ 6 ∗ 𝐶4,𝑛𝑒𝑤 = 𝑘 ∗ 6 ∗ 𝐶4,𝑜𝑙𝑑 − 𝐴𝑑𝑖𝑓𝑓 
 𝐶4,𝑛𝑒𝑤 = 𝐶4,𝑜𝑙𝑑 −

𝐴𝑑𝑖𝑓𝑓
6𝑘

= 11.966 𝑓𝐹 − 4.049𝑓𝐹 = 7.917𝑓𝐹 
  
 With this sizing, we have a total area of  
 
 𝐴𝑡𝑜𝑡 = 𝑘 ∗ (2𝐶1 + 9𝐶2 + 6𝐶3 + 6𝐶4) = 𝑘 ∗ 163.438 𝑓𝐹  
 
 Giving us an area savings of 
 

 𝐴𝑟𝑒𝑎 𝑆𝑎𝑣𝑖𝑛𝑔𝑠 = (𝐴𝑡𝑜𝑡,𝑜−𝐴𝑡𝑜𝑡)
𝐴𝑡𝑜𝑡,𝑜

∗ 100% = 55% 
 
 This is exactly what we designed for. Changing the size of the last stage affects 
 the delay of both that stage delay as well as the previous stages. Let’s 
 calculate the new delay. 
 
 𝑡𝑝 = 𝑡𝑖𝑛𝑣(∑𝑝 + (𝑁 − 2) ∗ 𝐸𝐹 + 𝐸𝐹3 + 𝐸𝐹4) 
 𝑡𝑝 = 𝑡𝑖𝑛𝑣 �8𝛾 + 2 ∗ 3.7606 + 2 ∗ 5

3
∗ 𝐶4
𝐶3

+ 𝐶𝐿
𝐶4
� 

 𝑡𝑝 = 19.6933𝑡𝑖𝑛𝑣 
 
 Comparing this delay to that of part c) 
 

 𝐷𝑒𝑙𝑎𝑦 𝐶ℎ𝑎𝑛𝑔𝑒 = 𝑡𝑝,𝑛𝑒𝑤−𝑡𝑝,𝑜𝑙𝑑

𝑡𝑝,𝑜𝑙𝑑
∗ 100% = −3.211% 

 
 
PROBLEM 2: Side Loads 
 
We have so far ignored any fixed capacitive load between the gates in a chain, but in a 
real chip, these devices and gates are connected through metal interconnect. In certain 
cases, these devices may be placed sufficiently far apart that the delay and power may be 
affected by the parasitic resistance and capacitance of the wires. For this problem, we’ll 
start by modeling the capacitive component.  

 



Cfixed = 30Cin CL = 135Cin

C1 = Cin

In

 
 
Consider the logic chain shown above, where Cin = 1fF. There is a fixed (i.e., 
independent of sizing) capacitance of Cfixed = 30Cin between the inverter and the final 
NAND3 gate. This fixed capacitance is sometimes called a side-load.  

 
a) Derive the equation for the delay of this chain in terms of the input capacitances 

of the three gates (C1, C2, C3), the capacitances Cfixed and CL, γ, and tinv. Assume 
that the long-channel model is used to size the NAND gates. 

 
 Solution: 
 In general, the total delay of a chain is: 
 
 𝑡𝑝 = 𝑡𝑖𝑛𝑣(∑𝑝 + ∑𝐸𝐹) 
 
 And EF is defined as: 
 
 𝐸𝐹 = 𝐿𝐸 ∗ 𝐵 ∗ 𝐶𝑜𝑢𝑡

𝐶𝑖𝑛
 

 
 We can write the equations noting this, and grouping Cfixed into the Cout for stage 
 2. 
 

 𝑡𝑝 = 𝑡𝑖𝑛𝑣 �6𝛾 + 𝐿𝐸𝑛𝑎𝑛𝑑2
𝐶2
𝐶1

+ 𝐶3+𝐶𝑜𝑢𝑡
𝐶2

+ 𝐿𝐸𝑛𝑎𝑛𝑑3
𝐶𝐿
𝐶3 
� 

 𝑡𝑝 = 𝑡𝑖𝑛𝑣 �6𝛾 + 4
3
𝐶2
𝐶1

+ 𝐶3+𝐶𝑜𝑢𝑡
𝐶2

+ 5
3
𝐶𝐿
𝐶3 
� 

 
b) Using the values for Cin and CL we have provided and your equation from part a), 

determine the optimal sizing for the gates to minimize the total delay. 
 
 Solution: 
 To find the optimal delay, we take partial derivatives with respect to C2, C3,  
 set them equal to zero, and solve. 
 

 
𝑑𝑡𝑝
𝑑𝐶2

= 0 = 4
3
∗ 1
𝐶1

 − 𝐶3+𝐶𝑓𝑖𝑥𝑒𝑑
𝐶22

 



 𝑑𝑡𝑝
𝑑𝐶3

= 0 = 1
𝐶2
− 5

3
∗ 𝐶𝐿
𝐶32

 
 
 Putting these equations into a numerical solver (for example, MATLAB) gives us: 
 𝐶2 = 7.2684 𝑓𝐹 
 𝐶3 = 40.44 𝑓𝐹 
 
 
 
 

c) We will now explore an alternative heuristic to size the chain. First, pretend that 
the side-load doesn’t exist, and calculate the optimal size for the last NAND gate. 
Leaving the sizing of this last gate constant and re-introducing the side-load, you 
can now calculate the total fanout that the first two gates must drive.  Based on 
this total fanout for the first two gates, you can now size the inverter using the 
standard method we learned in class. Show your work and include a sized gate-
level schematic of the new chain. 

 
 Solution: 

 𝐸𝐹 =  √𝑃𝐸3 = ��4
3
∗ 5
3
∗ 135�

3
= 6.694 

 𝐶3 =
5
3∗135𝐶𝑖𝑛
6.694

= 33.612𝐶𝑖𝑛 
  
 Now we treat C3+Cfixed as the load of the chain which includes the NAND2 and 
 inverter. 
 

 𝐸𝐹′ = ��4
3
∗ 33.612 𝐶𝑖𝑛+30 𝐶𝑖𝑛

𝐶𝑖𝑛
 � = 9.210 

 𝐶2 = 33.612+30
9.210

𝐶𝑖𝑛 = 6.907𝐶𝑖𝑛 
 

d) In terms of tinv, what is the delay of the chain from part b)?  How does this 
compare to the delay of the chain in part c)? You may assume γ=1. How do the 
two designs compare in terms of total transistor width? 

 
 Solution: 
 We can use the equation from part a) and values from part b) to find the total 
 delay for the sizing in part b). 
 
 𝑡𝑝 = 30.946𝑡𝑖𝑛𝑣 
  
 For part c), we can compute the delay using these EF values we’ve sized for: 
 



 𝑡𝑝 = 𝑡𝑖𝑛𝑣(∑𝑝 + 2 ∗ 𝐸𝐹′ + 𝐸𝐹) =  31.114𝑡𝑖𝑛𝑣 
 
 This heuristic method gives us only about 0.54% increase in delay. Now let’s 
 compare area, using the same method as in problem 1.c). 
  
 𝐴 = 𝑘 ∗ (2 ∗ 𝐶1 + 𝐶2 + 3 ∗ 𝐶3) 
 𝐴𝑏 = 𝑘 ∗ 130.588𝐶𝑖𝑛 
 𝐴𝑐 = 𝑘 ∗ 109.743𝐶𝑖𝑛 

 
We see that in this case, the heuristic actually reduces the total area by 16%, while 
only increasing the delay by about .5%. 
 

e) Now let’s look at another common situation that will occur in realistic chip 
designs.  In this case, instead of a fixed wire side load, as shown in the figure on 
the next page, we have a different chain of logic, driving a different final load 
capacitance. Both of these paths are potentially equally critical in terms of setting 
the overall performance of the system, and so in general the delay-optimal 
solution will size both sub-chains to have equal delay (since making one faster 
would slow down the other, making it the critical path). Size the gates shown in 
the figure for optimal delay while keeping the delay of the sub-chains which 
occur after the split equal. Note that in this particular case, each sub-chain after 
the split has equal parasitic delay. 
 

CL1 = 135Cin

C1 = Cin

In

CL2 = 180Cin

 
Solution: 
The optimal way of sizing this chain is to still use the sizing method learned in 
class. We can view the bottom sub-chain as a branch, if we can find the 
relationship between the sizes of the NOR2 and NOR3 gates. We can do this 
because all branching really does is describe the increase in loading seen by the 
previous stage. Once we have calculated this branching factor, we can size 
normally using one branch, and go back and size the other branch using the 
relationship between the sizes (and hence EF) of each branch. 
 
If this entire chain is optimized for delay, then we’ll want each gate in the top 
branch to have the same effective fanout EFtop. Similarly, each gate in the bottom 



should have an EF of EFbottom. From here, based on the criteria that the two 
branches have the same delay, we can relate the two EF values.  
 

𝑡𝑖𝑛𝑣 ��𝑝𝑏𝑜𝑡𝑡𝑜𝑚 + 2 ∗ 𝐸𝐹𝑏𝑜𝑡𝑡𝑜𝑚� = 𝑡𝑖𝑛𝑣 ��𝑝𝑡𝑜𝑝 + 2 ∗ 𝐸𝐹𝑡𝑜𝑝� 
 
Since we know that the parasitic delays of each branch are equal, this simplifies to: 
 
𝐸𝐹𝑏𝑜𝑡𝑡𝑜𝑚 = 𝐸𝐹𝑡𝑜𝑝 
 
Now, we want to get this into a form that’s related to the sizes of the first gates in 
each branch. We can do this by relating EF to PE. 
 
�𝑃𝐸𝑏𝑜𝑡𝑡𝑜𝑚 = �𝑃𝐸𝑡𝑜𝑝 

𝐿𝐸𝑛𝑜𝑟2 ∗ 𝐿𝐸𝑛𝑎𝑛𝑑3 ∗
𝐶𝐿2
𝐶𝑛𝑜𝑟2

= 𝐿𝐸𝑛𝑜𝑟3 ∗ 𝐶𝐿1/𝐶𝑛𝑜𝑟3 

𝐶𝑛𝑜𝑟2
𝐶𝑛𝑜𝑟3

=
𝐿𝐸𝑛𝑜𝑟2 ∗ 𝐿𝐸𝑛𝑎𝑛𝑑3 ∗ 𝐶𝐿2

𝐿𝐸𝑛𝑜𝑟3 ∗ 𝐶𝐿1
=

5
3 ∗

4
3 ∗ 180𝐶𝑖𝑛

7
3 ∗ 135𝐶𝑖𝑛

 

𝐶𝑛𝑜𝑟2
𝐶𝑛𝑜𝑟3

=
80
63 ≈ 1.270 

 
We’ll size using the top branch, so our branching factor is 
 

𝐵 = 1 +
𝐶𝑛𝑜𝑟2
𝐶𝑛𝑜𝑟3

= 2.270 

 
From here we can size the chain using our normal methods. 
 

𝑃𝐸 = ��𝐵���𝐿𝐸� (𝐹) = (2.270) �
4
3 ∗

7
3�

(135) = 953.4 

𝐸𝐹 = √𝑃𝐸4 = 5.557 
 

𝐶𝑖𝑛𝑣,𝑡𝑜𝑝 =
135𝐶𝑖𝑛
5.557 = 24.294𝐶𝑖𝑛 

𝐶𝑛𝑜𝑟3,𝑡𝑜𝑝 =
7
3 ∗ 24.294𝐶𝑖𝑛

5.557 = 10.201𝐶𝑖𝑛 

𝐶2 =
𝐵 ∗ 𝐶𝑛𝑜𝑟3,𝑡𝑜𝑝

𝐸𝐹 =
2.27 ∗ 10.201𝐶𝑖𝑛

5.557 = 4.167𝐶𝑖𝑛 
 



Now, we need to size the bottom branch so that its delay is equal to the top branch. 
This can be readily done using two relations derived earlier, which is shown 
below. 
 
𝐸𝐹𝑏𝑜𝑡𝑡𝑜𝑚 = 𝐸𝐹𝑡𝑜𝑝 = 𝐸𝐹 = 5.557 
𝐶𝑛𝑜𝑟2,𝑏𝑜𝑡𝑡𝑜𝑚 = 1.270 ∗ 𝐶𝑛𝑜𝑟3,𝑡𝑜𝑝 = 12.955𝐶𝑖𝑛 

𝐶𝑛𝑎𝑛𝑑2,𝑏𝑜𝑡𝑡𝑜𝑚 =
4
3 ∗ 180𝐶𝑖𝑛

5.557 = 43.189𝐶𝑖𝑛 
 
With this sizing, our total delay is 
 
𝑡𝑝 = 𝑡𝑖𝑛𝑣(7𝛾 + 4 ∗ 𝐸𝐹) = 29.228𝑡𝑖𝑛𝑣 
 
Another way to size this chain is to use a heuristic which extends from the side 
load heuristic. We can size one of the branches ignoring the other, and then size 
the other branch in order to match delay. Then, we can treat the inputs to the gates 
at the split as a load, and size the chain before that, which in this case consists of 
the NAND2 gate and inverter cascade. In this case, we still want the EF in both 
branches to be the same. Note that we may get slightly different results depending 
on which chain we choose to size first. 
 
Again, let’s start by sizing the top branch, while ignoring the bottom branch. 
 

𝑃𝐸𝑡𝑜𝑝 = �
4
3 ∗

7
3�

(135) = 420 

𝐸𝐹𝑡𝑜𝑝 = �𝑃𝐸𝑡𝑜𝑝4 = 4.527 

𝐶𝑖𝑛𝑣,𝑡𝑜𝑝 =
𝐶𝐿1
𝐸𝐹𝑡𝑜𝑝

= 29.821𝐶𝑖𝑛 

𝐶𝑛𝑜𝑟3,𝑡𝑜𝑝 =
29.821𝐶𝑖𝑛 ∗

7
3

4.527 = 15.371𝐶𝑖𝑛 
 
Since the parasitic delay of each branch is equal, we require equal EF in the 
bottom and top branches to get equal delays through the two branches. Knowing 
this, we can size the bottom chain. 
 

𝐶𝑛𝑎𝑛𝑑2,𝑏𝑜𝑡𝑡𝑜𝑚 =
𝐶𝐿2 ∗ 𝐿𝐸𝑛𝑎𝑛𝑑2

𝐸𝐹𝑡𝑜𝑝
= 53.015𝐶𝑖𝑛   

𝐶𝑛𝑜𝑟2,𝑏𝑜𝑡𝑡𝑜𝑚 =
𝐶𝑛𝑎𝑛𝑑2.𝑏𝑜𝑡𝑡𝑜𝑚 ∗ 𝐿𝐸𝑛𝑜𝑟2

𝐸𝐹𝑡𝑜𝑝
= 19.518𝐶𝑖𝑛 

 



Now that we have the sizes of the NOR2, NOR3 gates, we can treat them as a 
load and size the part of the chain that occurs before the split. 
 
𝐶𝐿,𝑛𝑒𝑤 = 𝐶𝑛𝑜𝑟3.𝑡𝑜𝑝 + 𝐶𝑛𝑜𝑟2,𝑏𝑜𝑡𝑡𝑜𝑚 = 34.889𝐶𝑖𝑛 

𝑃𝐸 = �
4
3� �

𝐶𝐿,𝑛𝑒𝑤

𝐶𝑖𝑛
� = �

4
3� ∗

(34.889) = 46.519 

𝐸𝐹 =  √𝑃𝐸 = 6.820 

𝐶2 =
𝐶𝐿,𝑛𝑒𝑤

𝐸𝐹 =
34.889𝐶𝑖𝑛

6.820 = 5.116𝐶𝑖𝑛 
 
𝑡𝑝 = 𝑡𝑖𝑛𝑣�7𝛾 + 2𝐸𝐹 + 2𝐸𝐹𝑡𝑜𝑝� =  29.694𝑡𝑖𝑛𝑣 
 
The delay we get with this heuristic is fairly close to that using the optimal 
method – this delay is only about 2.5% higher. 

 
f) [BONUS:] Now let’s look at a split in which the number of gates in each sub 

chain is not equal. Again, we want to size the chain for optimal delay while 
keeping the delay of sub-chains after the split equal. Note again that the parasitic 
delay in each branch is equal. Also note that getting some actual numbers for the 
sizes of the gates will likely require you to solve some equations numerically, and 
that the majority of the extra credit will be given for setting up equations correctly. 

 

CL1 = 135Cin

C1 = Cin

In

CL2 = 180Cin

 
 

 Solution: 
We can use the same methodology as in part e). The primary difference is that in 
this case, the branching factor depends on the exact value of EFtop or  EFbottom. 

 
  
𝑡𝑖𝑛𝑣 ��𝑝𝑏𝑜𝑡𝑡𝑜𝑚 + 2 ∗ 𝐸𝐹𝑏𝑜𝑡𝑡𝑜𝑚� = 𝑡𝑖𝑛𝑣 ��𝑝𝑡𝑜𝑝 + 𝐸𝐹𝑡𝑜𝑝� 
  
2 ∗ 𝐸𝐹𝑏𝑜𝑡𝑡𝑜𝑚 = 𝐸𝐹𝑡𝑜𝑝 
4 ∗ 𝐸𝐹𝑏𝑜𝑡𝑡𝑜𝑚2 = 𝐸𝐹𝑡𝑜𝑝 ∗ 𝐸𝐹𝑡𝑜𝑝 



4 ∗ 𝑃𝐸𝑏𝑜𝑡𝑡𝑜𝑚 = 𝐸𝐹𝑡𝑜𝑝 ∗ 𝐸𝐹𝑡𝑜𝑝 

4(𝐿𝐸𝑛𝑜𝑟2) �
𝐶𝐿2
𝐶𝑛𝑜𝑟2

� = 𝐸𝐹𝑡𝑜𝑝(𝐿𝐸𝑛𝑜𝑟3) �
𝐶𝐿1
𝐶𝑛𝑜𝑟3

� 

𝐶𝑛𝑜𝑟2
𝐶𝑛𝑜𝑟3

=
1

𝐸𝐹𝑡𝑜𝑝
4 ∗ 𝐿𝐸𝑛𝑜𝑟2 ∗ 𝐶𝐿2
𝐿𝐸𝑛𝑜𝑟3 ∗ 𝐶𝐿1

 

𝐶𝑛𝑜𝑟2
𝐶𝑛𝑜𝑟3

=
80
21 ∗

1
𝐸𝐹𝑡𝑜𝑝

 

 
Conceptually, we can now proceed to size the top branch again. However, we 
need to keep in mind that the “effective branching factor” actually depends on the 
EF we use.  In other words, the overall path effort is: 

 

 𝑃𝐸 = �1 + 80
21
∗ 1
𝐸𝐹
� ∗ �4

3
∗ 7
3
∗ 135� 

 
 Therefore, the optimal EF/stage is set by: 
 

 𝐸𝐹3 = 420 �1 + 80
21
∗ 1
𝐸𝐹
� 

 
We can then put this equation into a numerical solver to get a value for EF, find 
the effective branching, and then repeat our normal sizing procedure: 

  
 𝐸𝐹 = 8.475 
 𝐵 = 1 + 𝐶𝑛𝑜𝑟2

𝐶𝑛𝑜𝑟3
= 1 +

80
21
∗ 1
𝐸𝐹𝑡𝑜𝑝

= 1.450 

 𝐶𝑛𝑜𝑟3,𝑡𝑜𝑝 =
7
3∗135𝐶𝑖𝑛
8.475

= 37.168𝐶𝑖𝑛 

 𝐶2 = 1.450∗37.168𝐶𝑖𝑛
8.475

= 6.359𝐶𝑖𝑛 
 
 Now we can go back and size the bottom branch: 
 
 𝐸𝐹𝑏𝑜𝑡 = 1

2
∗ 𝐸𝐹𝑡𝑜𝑝 = 4.238 

 𝐶𝑛𝑜𝑟2,𝑏𝑜𝑡𝑡𝑜𝑚 = .45 ∗ 𝐶𝑛𝑜𝑟3,𝑡𝑜𝑝 = 16.726𝐶𝑖𝑛 
 𝐶𝑖𝑛𝑣,𝑏𝑜𝑡𝑡𝑜𝑚 = 180𝐶𝑖𝑛

4.238
= 42.473𝐶𝑖𝑛 

 
 Finally, with this sizing, our total delay is 
 
 𝑡𝑝 = 𝑡𝑖𝑛𝑣�6𝛾 + 3 ∗ 𝐸𝐹𝑡𝑜𝑝� = 31.425𝑡𝑖𝑛𝑣 
 
 



PROBLEM 3: MOS Transistor Model 
 

Use the velocity saturation model presented in lecture (shown below) to complete a) 
and b). For part c) and d), attach your SPICE netlist and results. 
Use L = 100nm, VTN = 150mV, |VTP| = 300mV, υSATN = 1.12e7 cm/s,  
υSATP = 1e7 cm/s, COX = 15fF/μm2, μN = 260 cm2/(V∙s), μP = 120 cm2/(V∙s). Assume 
Vdd = 1.2 V. 
 

4.2 kΩ

In

Out

Vdd Vdd

1 μm 1 μm

X μm

 
 

𝐼𝐷 = 𝑊𝜐𝑆𝐴𝑇𝐶𝑂𝑋
(𝑉𝐺𝑆 − 𝑉𝑇)2

(𝑉𝐺𝑆 − 𝑉𝑇) + 𝜉𝑐𝐿
 

 
a) Using the model, find IDN of the NMOS in the second inverter when In = 0V and 

Out = 1.2V. (Note that as we will see later on in the lectures, the current of the 
transistors in this situation directly impacts the delay of the inverter.) 

 
 Solution: 
 When In = 0, the NMOS in the first inverter is in cut-off, since Vgs = 0, which is 
 less than VTN = 150 mV. Then, the output of that first inverter is just Vdd since 
 there is no current through the load resistor, and thus no voltage drop. This means 
 that for the second inverter, Vgs,n = Vdd = 1.2 V. 
 
 For the PMOS, Vgs,p = 0V, so it is off. The NMOS is on. We need to check the 
 operating region, however, by looking at Vds.  
 

 𝜉𝑐 = 2𝑣𝑠𝑎𝑡,𝑛

𝜇𝑛
= 2 ∗ 1.12∗107

260
𝑉
𝑐𝑚

= 8.615384 ∗ 106 𝑉
𝑚

 

 𝜉𝑐𝐿 = 8.615384 ∗ 106 𝑉
𝑚
∗ 100 ∗ 10−9 𝑚 = .8615𝑉 

 𝑉𝐷𝑆𝐴𝑇,𝑁 = (𝑉𝐺𝑆−𝑉𝑇𝑁)𝜉𝑐𝐿
(𝑉𝐺𝑆−𝑉𝑇𝑁)+𝜉𝑐𝐿

= (1.05𝑉)(.8615𝑉)
1.05𝑉+8.615𝑉

= .4732𝑉 
 



 Since Vds,N = Vdd = 1.2V > VDSAT,N, the NMOS transistor in the second inverter  
 will be in saturation. We can then apply the equation above to find the current 
 through the NMOS. 
  

 𝐼𝐷,𝑁 = (10−6𝑚) �1.12 ∗ 10
5𝑚
𝑠
� �. 015 𝐹

𝑚2�
(1.05 𝑉)2

(1.05 𝑉)+(.8615𝑉)
= 969 𝜇𝐴 

 
b) Choose X such that IDP equals the value you got for IDN in part a) when In = 1.2V 

and Out = 0V.  
  
 Solution: 
 In this case, the NMOS transistor in the first inverter will be on, since Vgs = Vdd 
 = 1.2V > VTN. Now, we need to guess its region of operation. Luckily, it has the 
 same value of 𝜉𝑐𝐿 and VDSAT,N as the NMOS in the second transistor, and even the 
 same current in saturation because it is sized the same, so we don’t need to 
 recalculate everything. 
 

We see quickly that this transistor cannot be in saturation. Since it is sized the 
same, if it was in saturation, it would have a current of Id = 969 μA. With a 4.2kΩ 
resistor, this would imply that Vds = -2.8698 V, which is clearly not physically 
possible. < VDSAT,N = .4732 V. Therefore, this NMOS must be in the linear region. 
To solve for the current, let’s call the voltage at the drain of the NMOS Vo1, and 
write KCL at that node. We also need the velocity saturated MOS equation for 
current in the linear region. Then, Vds = Vo1, and Vgs = Vdd. 

  

 𝐼𝑑 =
𝜇𝑛𝐶𝑜𝑥∗

𝑊
𝐿

1+𝑉𝐷𝑆𝜉𝑐𝐿

∗ �(𝑉𝐺𝑆 − 𝑉𝑇𝑁)𝑉𝐷𝑆 −
𝑉𝐷𝑆
2

2
�  

 𝛼 = 𝜇𝑛𝐶𝑜𝑥 ∗
𝑊
𝐿

= .0039 𝐴/𝑉2 

 𝛽 = 1
𝜉𝑐𝐿

= 1.1608 𝑉−1 

 𝑉𝑑𝑑 − 𝑉𝑜1
𝑅𝐿

= 𝛼
1+𝛽𝑉𝑜1

∗ �(𝑉𝑑𝑑 − 𝑉𝑇𝑁)𝑉𝑜1 −
𝑉𝑜12

2
� 

 
 From here, we can rewrite this as 
 

 𝑉𝑜12 �
𝛽
𝑅𝐿
− 𝛼

2
� + 𝑉𝑜1 �

1−𝛽𝑉𝑑𝑑
𝑅𝐿

+ 𝛼(𝑉𝑑𝑑 − 𝑉𝑇𝑁)� − 𝑉𝑑𝑑
𝑅𝐿

= 0 

 
 We can solve for Vo1 using the quadratic formula, which gives us Vds = Vo1 =  
 73.7 mV. Using this, we can find the amount of current going through the PMOS 
 in the second stage. 
 
 �𝑉𝐺𝑆,𝑃� = 𝑉𝑑𝑑 − 𝑉𝑜1 = 1.1263 𝑉 > |𝑉𝑇𝑃| = 0.3 𝑉 



 𝑉𝐺𝑆,𝑁 = 𝑉𝑜1 = 73.7 𝑚𝑉 < 𝑉𝑇𝑁 = 150 𝑚𝑉 
  
 We see that the NMOS is in cutoff here. To determine what region the PMOS is  
 in, we need to calculate VDSAT,P. 
 

 𝜉𝑐,𝑝 = 2𝑣𝑠𝑎𝑡,𝑝

𝜇𝑛
= 2 ∗ 107

120
𝑉
𝑐𝑚

= 1.6667 ∗ 107 𝑉/𝑚 

 𝜉𝑐,𝑝𝐿 = 1.6667 ∗ 107 𝑉
𝑚
∗ 100 ∗ 10−9 𝑚 = 1.6667 𝑉 

 𝑉𝐷𝑆𝐴𝑇,𝑃 = ��𝑉𝐺𝑆,𝑃�−|𝑉𝑇𝑃|�𝜉𝑐,𝑝𝐿
�|𝑉𝐺𝑆,𝑃|−|𝑉𝑇𝑃|�+𝜉𝑐,𝑝𝐿

= .8263𝑉∗1.6667 𝑉
.8263 𝑉∗1.6667 𝑉

= .5525 𝑉 

 �𝑉𝐷𝑆,𝑃� = 1.2 𝑉 > 𝑉𝐷𝑆𝐴𝑇,𝑃 = .5525 𝑉 
 
 As we can see, the PMOS is in saturation. From this, we can calculate the current 
 per unit width of the PMOS. 
 

 
|𝐼𝐷,𝑃|
𝑊

= �1 ∗ 10
5𝑚
𝑠
� ∗ �. 015 𝐹

𝑚2� ∗
(0.8263 𝑉)2

(0.8263 𝑉)+(1.6667 𝑉)
= 410.813 𝐴

𝑚
 

 
|𝐼𝐷,𝑃|
𝑊

= 410.8 𝜇𝐴
𝜇𝑚

 
 
 Then, the width we want is 
 
 𝑋 = 𝐼𝐷,𝑁

�
|𝐼𝐷,𝑃|
𝑊 �

= 2.359 𝜇𝑚 

 
c) Simulate the circuit with your sizing from b), and compare your results for IDP and 

IDN from parts a) and b).  
 
 Solution: 
 Netlist shown below: 
 
 * HW 5, Question 3c 
 
 .lib '/home/ff/ee141/MODELS/gpdk090_mos.sp' TT_S1V 
 
 ** Parameters ** 
 .param res_val = 4.2e3 
 .param vdd_val = 1.2 
 .param W_n = 1e-6 
 .param W_p = 2.3585e-6 
 .param len = 100e-9 
 
 ** Power Supplies ** 
 Vdd vdd gnd vdd_val 



 Vin1 in1 gnd 0 
 Vout1 out1 gnd vdd_val 
 Vin2 in2 gnd vdd_val 
 Vout2 out2 gnd 0 
 
 ** NMOS Inverter and CMOS Inverter cascade ** 
 
 .subckt inv_casc out in vdd gnd 
 
 * NMOS Inverter * 
 M0 n1 in gnd gnd gpdk090_nmos1v L='len' W='W_n' M=1 
 RL vdd n1 res_val 
 
 * CMOS Inverter * 
 M1 out n1 vdd vdd gpdk090_pmos1v L='len' W='W_p' M=1 
 M2 out n1 gnd gnd gpdk090_nmos1v L='len' W='W_n' M=1 
 
 .ends 
 
 ** Two alternate paths - one for measuring each current 
 X0 out1 in1 vdd gnd inv_casc M=1 
 X1 out2 in2 vdd gnd inv_casc M=1 
 
 ** Options ** 
 .options post=2 nomod 
 .op 
 
 .end 
 
 Looking at the output file, we have  
 
 𝐼𝐷𝑁 = 934.6 𝜇𝐴 
 |𝐼𝐷𝑃| = 867.1 𝜇𝐴 
 

d) Explain where any discrepancy between your calculated current and the value you 
got using SPICE in part c) might come from.  Then, use SPICE to find a new 
value for X that makes the currents match.  

 
 Solution: 

There are two sources of discrepancy. One is that in the case of In = 1, the output 
of the first inverter is off by a good amount. Simulation numbers give us 110.9mV, 
while hand calculations give us 73.7 mV. Also, we neglected the effect of finite 
output resistance for all of the transistors when they are in the saturation region. 
In other words, although the equation above doesn’t state it, applying a larger 
value of Vds should cause more current to flow. 

  



Since the conditions are the same, we should be able to just scale up the width of 
the PMOS linearly to get the desired current. Then, we should use 

 
 𝑋𝑛𝑒𝑤 = 934.6 𝜇𝐴

867.1 𝜇𝐴
∗ 𝑋𝑜𝑙𝑑 = 2.542 𝜇𝑚 

 
Simulating with this gives us IDP = 934.8 μA, very close the desired value. 
 

e) [BONUS:] Can you make the analytical model fit the SPICE model better by 
extracting an additional parameter?  If so, extract this parameter and recalculate 
the drain currents using this improved model. 

 
 Solution:  

One thing which we can add in is the effect of finite output impedance. The 
equation for current in this form is: 

 

 𝐼𝐷 = 𝑊𝜐𝑆𝐴𝑇𝐶𝑂𝑋
(𝑉𝐺𝑆−𝑉𝑇)2

(𝑉𝐺𝑆−𝑉𝑇)+𝜉𝑐𝐿
(1 + 𝜆𝑉𝐷𝑆) 

 
      To use this equation, we need to use the fact that 
 
 (1 −

𝑔𝐷𝑆
𝐼𝐷
𝑉𝐷𝑆)𝜆 = 𝑔𝐷𝑆

𝐼𝐷
 

 
 Where gDS is defined as: 
 

 𝑔𝐷𝑆 = 𝜕𝐼𝐷
𝜕𝑉𝐷𝑆

 
 

We can find this value of gDS graphically by sweeping the VDS for each device 
and finding the slope at the point of interest – |VDS| = 1.2V. We see that the area 
around this region looks roughly linear, and find that, for the sizing in c), the 
NMOS has gDS = 255 μS and the PMOS has gDS = 235 μS. For |VDS| = 1.2V, IDN 
= 934.6 μA, and IDP = 867.1 μA, which is taken from part c). Then, λN = .406 V-1 
and λP = .402 V-1. 

 
 Recalculating the drain currents, we have: 
 
 𝐼𝐷𝑁 = (10−6𝑚) �1.12 ∗ 10

5𝑚
𝑠
� �. 015 𝐹

𝑚2�
(1.05 𝑉)2

(1.05 𝑉)+(.8615𝑉) �1 + (. 406 ∗ 1.2)� 
 𝐼𝐷𝑁 =  1.441 𝑚𝐴 
 |𝐼𝐷,𝑃|

𝑋
= �1 ∗ 10

5𝑚
𝑠
� ∗ �. 015 𝐹

𝑚2� ∗
(0.8263 𝑉)2

(0.8263 𝑉)+(1.6667 𝑉) �1 + (. 402 ∗ 1.2)� 

 |𝐼𝐷,𝑃|
𝑋

= 608.97 𝜇𝐴 
 |𝐼𝐷𝑃| =  2.366 𝜇𝑚 
 
 This value is a bit closer to the value given by simulation. Most of the error likely 



 comes from the inaccuracy of the Vgs value, which is likely due to a few of the 
 model parameters, such as vsat, being slightly off. 
 
 The netlist is shown below: 
 
  * HW 5, Question 3e 
 
 .lib '/home/ff/ee141/MODELS/gpdk090_mos.sp' TT_S1V 
 
 ** Parameters ** 
 .param Res_val = 4.2e3 
 .param vdd_val = 1.2 
 .param W_n = 1e-6 
 .param W_p = 2.3585e-6 
 .param len = 100e-9 
 
 ** Power Supplies ** 
 Vdd vdd gnd vdd_val 
 Vin1 in1 gnd 0 
 Vout1 out1 gnd vdd_val 
 Vin2 in2 gnd vdd_val 
 Vout2 out2 gnd 0 
 
 ** NMOS Inverter and CMOS Inverter cascade ** 
 
 .subckt inv_casc out in vdd gnd 
 
 * NMOS Inverter * 
 M0 n1 in gnd gnd gpdk090_nmos1v L='len' W='W_n' M=1 
 RL vdd n1 res_val 
 
 * CMOS Inverter * 
 M1 out n1 vdd vdd gpdk090_pmos1v L='len' W='W_p' M=1 
 M2 out n1 gnd gnd gpdk090_nmos1v L='len' W='W_n' M=1 
 
 .ends 
 
 ** Two alternate paths - one for measuring each current 
 X0 out1 in1 vdd gnd inv_casc M=1 
 X1 out2 in2 vdd gnd inv_casc M=1 
 
 ** Options ** 
 .options post=2 nomod 
 .op 
 
 ** Simulations ** 



 *.dc vout1 0 'vdd_val' .0001 
 .dc vout2 0 'vdd_val' .0001 
 
 .end 


