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1.0 ABSTRACT 
A new probabilistic algorithm, called Probabilis- 

tic Rejectionless Anti-Voter (PRAV), is introduced. 
Due to its property to concentrate computational 
efforts on places where there are the greatest chances 
for the improvement of an objective function and due 
to the employed rejectionless mechanism a significant 
speed-up over other probabilistic methods is achieved 
The extensive superior experimental results with 
respect to simulated annealing, on both generic NP- 
complete problems, and high level synthesis tasks are 
presented and statistically analyzed. The discussed 
problems include the novel application of commuta- 
tivity for design improvement. During the discussion 
of properties of PRAV, the proof of convergence is 
presented. 

2.0 INTRODUCTION 
Ever since the early seventies [Kar72, Coo71] when 

the notion of NP-complete problems was introduced, a 
massive research effort has been devoted to the develop- 
ment of efficient algorithms for this class of problems. 
Numerous approaches are proposed. They include tai- 
lored heuristics (often based on steepest descent para- 
digm), mathematical programming techniques (in 
particular linear and integer programming), dynamic pro- 
gramming, various gradients algorithms, relaxation to 
eigenvalue problem, backtracking, and to the particularly 
popular and successful probabilistic and neural network 
algorithms. Recently, a great attention has been paid to 
probabilistic algorithms, due to their ability to obtain 
high quality solutions and simplicity of implementation 
[Pap82]. Among them, the most popular and successful 

are simulated annealing, simulated evolution, genetic, 
tabu search, neural networks (including back and for- 
ward propagation, Boltzmann machine, various gradient 
search networks) and meanfield networks [Aar89, Gu187, 
Joh87, Kir831. 

However, probabilistic algorithms also have their 
weak side: most notably their run times are often very 
long. We introduce a new probabilistic algorithm which 
preserve noble properties of randomized algorithms. and 
at same time has a much shorter run time. 

3.0 PRAV ALGORITHM 
Probably the best way to introduce a new algorithm 

is to demonstrate how it can be used to solve specific 
problems. Before we describe application of the new 
algorithm to graph partitioning problem we will intro- 
duce two definitions. The precise formulations of the 
graph partitioning, graph coloring, vertex cover and trav- 
eling salesman problem can be found in [Gar79, pp. 209, 
191,190 and 211). 

Definition 1: In the graph partitioning problem 
solution, a bad vertex a is the vertex which has at least 
one neighbor vertex b (between a and b exists an edge), 
which is not in the same group as d.  

Definition 2: The badness of vertex a, denoted by 
B(a) is the number of neighboring vertices which are not 
in the same group as a. 

PRAV treats the problem from the standpoint of 
groups. We first choose a group I, according to the proba- 

bility P (I) = f ( B  ( I )  ) , where B(Z) and B(J) repre- 
z f ( B  ( J )  1 
J 

sent the total badness of all nodes in I and J respectively. 
In other words, we select a group (or partition) according 
to the probability that removing a node from it will 
decrease cost function. After that, we choose within 
group I of bad nodes a node a which will be moved to an 
other group according to the probability 

P (a) = 'E. Finally, we select a new group J for 
B (4  
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the selected node U,  according to the probabil- 

N(a,K) are the number of neighboring nodes to node a in 
groups J and K. 

If during the process some group violates some of 
the constraints (e.g. total weight of all nodes which can 
be accommodated) we assign to it the maximal badness, 
and remove a node from it to satisfy constrains. 

The new algorithm can be described using the fol- 
lowing pseudo code (note that no cooling mechanism is 
used, the search mechanism is using probabilistic gradi- 
ent method to guide search): 

Get an initial assignments of elements to groups; 
Form list of bad elements in groups; 
while (stopping criteria not satisfied){ 

Pick a random group I; 
Pick a random element a; 
Pick a new, random membership for a; 
(all picking according to probabilities described in the 

Update solution, bad lists, and functions f(.);) 
text); 

When we apply this approach to the graph coloring 
problem, we first randomly color all nodes with K colors. 
As bad vertices we consider nodes which as neighboring 
node have a node with the same color. We are favoring 
changes to a color more if this color is less represented 
among the neighboring nodes. When applying the PRAV 
algorithm to clique partitioning problem, we first reduce 
the problem to a graph coloring on the complement 
graph. 

To solve the vertex cover we can first choose ran- 
dom set of K nodes as nodes for covering all graphs 
nodes. The set of disaster nodes include all non-covered 
nodes, and they should be included in the set according 
to the number of other non-covered nodes which will be 
covered with their inclusion as priority measure. (Disas- 
ter nodes are defined as nodes which have so high bad- 
ness that prevent any feasible solution). But before we 

include some of disastrous nodes in the vertex cover, we 
need to remove a node from the current vertex cover. 
Prime candidates (bad nodes) are those which cover 
nodes which are covered by some other vertex cover 
node. The badness is proportional to the percentage of 
already covered neighbor nodes. 

In order to solve the traveling salesman problem 
using the probabilistic rejectionless algorithm, we first 
choose randomly n edges in the. graph. The set of disas- 
trous nodes includes nodes which are not connected to at 
least two other nodes, or which are connected to at least 
three other nodes. A bad node is one which is connected 
to other nodes in the current path with edges which are 
not two shortest among its incident edges. The badness is 
proportional to the ratio of length of currently selected 
edges and the shorted for a particular node. We always 
favor the inclusion of short edges, which reduce the num- 
ber of disastrous nodes. 

z l = x + y  z l = y + x  
z 2 = a + x  z 2 = a + x  
z 3 = y + b  z 3 = y + b  

FIGURE 1. The pseudo code example of (a) before and (b) 
after the adication of commutativity 

Commutativity (a + b = b + a) is a very simple com- 
piler transformation. It can be used to improve the 
resource utilization (and therefore the quality) of an 
implementation in high level synthesis. The idea behind 
the transformation can be explained using the simple 
example in Figure 1. While the implementation of the 
program in Figure 2 needs total of 6 registers, for the pro- 
gram 4 registers are sufficient, when the architecture in 
Figure 2 is used. Unfortunately, commutativity is the 
simple transformation only conceptually, its optimal 
implementation requires the solution of an NP-complete 
optimization problem [Pot91]. For this problem PRAV 
algorithm can be used, and it produced the improvement 
in the cost of the solution of 10.5% and 9.5 for median 
and mean case. The detailed analysis of relative improve- 
ments of 50 benchmark examples are given in [Pot911. 

A B 

FIGURE 2. Minimum cost architecture for the code from 
Figure 1 
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I Classical simulated annealing algorithm I 

U 20 

U 100 

U 500 

U 2000 

G 20 

G 100 

Finally, we used the PRAV algorithm for scheduling 
and assignment, and achieved the excellent result in 
comparison with both other algorithms, and in absolute 
terms, when compared with sharp bounds on the size of 
final solution [Pot89, Pot921 17 17 14 - 24 

39 44 36 - 53 

187 208 179-267 

594 695 547-814 

35 35 33 - 40 
166 169 130- 196 

4.0 EXPERIMENTAL RESULTS 

~ 

G 500 685 692 629 - 719 

G2000 2942 3056 2761-3202 - 

We tested the PRAV algorithm on examples of stan- 
dard and geometric random graphs of size 20, 100,500, 
2000 [Joh87], and 1 million nodes. For the smallest 
example we partitioned the graph in 4 groups, for three 
of the medium size in 10 groups, and finally the largest 
example we set number of groups to 100. In the follow- 
ing tables we compare the percentage in improvement in 
performances due the application of the new algorithm 
over classical simulated annealing for 4 small graphs. We 
ran both algorithms 10 times on 10 different random 
examples for each graph and the presented values are 
comparing the medians, means, and best and worst per- 
formance. 

It is straightforward to generate the described ran- 
dom graphs with sizes of up to several thousands nodes. 
However, if one wants to generate very large graphs, 
especially with millions of nodes, a direct implementa- 
tion is impossible. For lo6 nodes, we have more than 
10" pairs of nodes, and to look at each of them will take 
months even on the fastest computers. We solve this 
problem by using the following procedure. 

First, we generate the number of edges in the whole 
graph as a sample form Binomial distribution, [Pre881 
with parameters n, p ,  where n is the number of nodes, 
and p is the probability that any pair of vertices has an 
edge between them. 

Then, we generate a uniformly distributed random 
number r between 1 and n2, and assign an edge between 
nodes 1 and j such that 1 = rln and j = r - rln, if 1 # j ,  if 
there does not already exists one between them. 

The presented algorithm has an expected running 
time linear with respect to number of edges in the ran- 
dom graph. 

Due to exceptional computational requirements of 
the largest example we ran only the PRAV algorithm on 
2 examples. It took 18247 seconds (slightly more than 5 
hours) to complete the example on SUN 3/60. The solu- 
tion was more than 500% better than in the case of simu- 
lated annealing application during the same amount of 
time (30 217 vs. 166 727 for geometric random graph). 

Running times of the new algorithm and simulated 
annealing algorithm are compared in Table 3. 

Random graph 

U 20 

Random median best - 
graph 1 I mean 1 worst 

solution 

solution size time 
0.95 1.12 

U 100 

U 500 

0.9 1 0.7 1 

0.52 0.14 

The PRAV algorithm 

solution 

24 - 28 
51 - 71 

U 2000 208 212 196-220 

29 - 32 

G 500 609 

I G2000 I 2503 I 2508 I 2465-2564 I 
Table 2: The performance of the PRAV algorithm 

I (320 I 0.97 I 1.37 I 

G 2000 0.86 0.023 

Table 3: Running times, simulated annealing running time 
is normed to 1 
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5.0 PROPERTIES OF THE PRAV 
ALGORITHM 
The PRAV algorithm combines ideas from two 

sources: interacting particles [Lig85] and a rejectionless 
technique for simulated annealing [Gre86]. There exists 
the strong relationship between other interacting particle 
model (Stochastic Ising Model) and Simulated annealing 
[Lig85], as there is between Voter Interacting Particle 
Model and PRAV algorithm. This connection can be used 
in proving some theoretical properties of the PRAV algo- 
rithm, for example convergence. D. Walsh was the first to 
apply the Anti-voter model to graph coloring using 3 col- 
ors [Pet89], but did not generalized it to other combinato- 
rial optimization problems. Although rejectionless does 
not improves the quality of the solution, it dramatically 
reduce running time. 

A very simple argument provides the proof of con- 
vergence, under the assumption of arbitrary large running 
time. Suppose that we have a solution which is character- 
ized by some set of values for all nodes. If this is not the 
optimal set of values, then, by randomly picking the cor- 
rect values one by one, we can make transition to the 
optimal solution. For this we have a small, but finite 
probability. If we are not lucky after at most n steps (n is 
the number of nodes) we can apply the same reasoning 
again. In a such a way, we can make probability as large 
as we want (as a tradeoff to running time) to find the opti- 
mal solution. 

6.0 CONCLUSION 
The PRAV algorithm is introduced and applied to 

several generic NP-complete problems and VLSI CAD 
problems. The new algorithm is analyzed both theoreti- 
cally and experimentally For the testing of the PRAV 
algorithm, a procedure for the efficient generation of very 
large standard and geometric random graphs is presented. 
The more detailed description of the PRAV algorithm 
and its application is presented in [Pot911 
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